We show by finding an explicit parametrization that a 4th degree surface which arises as a necessary condition for the existence of a perfect cuboid is a rational surface, i. e. birationally equivalent over Q to a plane.
Introduction
A recent paper, [1] , contains, among other interesting results, a necessary condition for the existence of perfect cuboids. This condition comprises rational solutions to an equation (labeled (7.3) in this paper) which, with a slight change of notation, can be represented as follows:
The purpose of the present note is to show that this surface is birationally equivalent over Q to a plane. We show this by deriving an explicit parametrization, which defines every point of the surface except those on 8 lines it contains defined by x = ±y = ±z ± 1 for 3 independent sign options.
Results
We start with a couple of lemmas, which form a part of a "toolkit" for finding parametrizations, where these exist, by elementary techniques of the kind used in the present note.
Lemma 2.1. Let x, y, z be rational numbers with 1 + x 2 = y 2 + z 2 and x = z. Then there exist rational numbers a, b such that
Proof. The numbers a and b defined as follows must be rational: whence
and the result follows.
Lemma
Proof. The proof is immediate, by adding and subtracting the following, which must clearly hold for some non-zero rational t:
We now state and prove our main theorem.
Theorem 2.1. Every rational point on the surface defined by (1.1) is either on one of the 8 lines defined by x = ±y = ±z ± 1 with 3 independent sign options, or else there exists a pair of rational numbers b, c with
Conversely this set satisfies (1.1) identically, and we have
where u is defined by
Proof. Substituting u defined by (2.1) into (1.1) gives
and adding (2.1) to this gives
this pair becomes
By Lemma 2.1, (2.5) implies either X = Z or the existence of rational a and b with
The equality X = Z leads to the 8 lines. Otherwise, plugging into (2.4) the expression for Y given by (2.6) gives
and by Lemma 2.2 (in effect) this implies rational c with The formula (2.8) expresses a as a rational function of b and c, and propagating this and the expression for U up the preceding definitions gives the result stated.
